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These notes are developed as course notes in Pacific Lutheran University for the calculus
II course in the fall of 2015. Major reference for these notes is

• James Stewart, 6E

I am using a lot of language that we use in lectures but non-standard. If you don’t know
what I refer to, definitely ask me!

Please inform me at anya@plu.edu if you find any typos! These notes are last updated
September 14, 2015

4.9: Antiderivatives

In Math 151, we study the following general problem: give a function F (t), how do you find
the function f(t) where F ′(t) = f(t). An example: you are given the position function S(t),
you need to find the velocity function v(t). Here v(t) = S ′(t).

In Math 152, we study the inverse problem of 151: given a function f(t), how do you
find the function F (t) where F ′(t) = f(t).

This inverse problem is of practical use: say your friend Jacob called to tell you he will
pick you up in 30 minutes, you know his speed, and you want to know where he is at. This
is a process of knowing v(t) and needing to find S(t).

Then the question is: given function f(t), how do you find F (t) such that F ′(t) = f(t).

Definition A function F is called an antiderivative of f on an interval I if F ′(x) = f(x) for
all x in I.

Let’s try some examples:

1. f(x) = 2x

2. f(x) = ex

3. f(x) = cos(x)

4. f(x) = 0

5. f(x) = 2x + ex + cos(x)

Here, you find the F (t) by recalling all the derivatives you learned from Math 151 (which
are things you actually need to remember/write down on your notesheet). Other than that,
two remarks:

• Any function f(x) is always equal to f(x)+0. Therefore you always have the +constant
in your F (t). Therefore, antiderivatives are non-unique!

• Antiderivative of f(x) + g(x) is F (x) +G(x). This is an important property of deriva-
tives/antiderivatives called the linearity, I call this the partial credit rule.
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Sum up the results above, we get the following theorem:

Theorem 0.1 If F is an antiderivative of f on an interval I, then the most general an-
tiderivative of f on I is F (x) + C, where C is an arbitrary constant.

Remark: With f(x), we can only recover F (x)+C. Namely, we can recover the antiderivative
up to a vertical shift.

Exercise Find the most general antiderivative for f(x) = x2 + 4.

Remarks:

1. To check antiderivative F (x) is correct, differentiate it!

2. The most general antiderivative, all antiderivatives, etc. all mean F (x) + C.

There is a list of antiderivatives on page 341. Make sure to put them on your notesheet.
One thing that people always get confused is the antiderivative of xn:{

1
n+1

xn+1, if n 6= −1

ln |x|, if n = −1
(1)

Exercise Find all antiderivatives F (x) such that F ′(x) = f(x):

1. f(x) =
√
x + sin(x)

2. f(x) = x−
√
x

x2 + sec2(x)

Remark: Simplify to fit into the table!

Now we have talked about the strategies of finding the antiderivatives: check your table
to see if it fits in; if not, simplify until it fits into the table.1

If you need to find a specific/particular antiderivative, you are really trying to determine
C after you have found the most general antiderivative, therefore, the steps you take are:

1. Find the most general antiderivative F (x) + C.

2. Plug in extra information to determine C. These extra information are called initial
conditions.

Example Find F (x), where F ′(x) = ex + 4x and F (0) = 5.

Exercise Find F (x), where F ′′(x) = 5
√
x + x, F (0) = 3 and F ′(0) = 1.

Remark: Geometry of antiderivative: to find F (x) from F ′(x), you are recovering the
original function from the slope of its tangent lines.

1if it still doesn’t work, you can always check with me-maybe it is a typo!
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5.1:Area and Distance

Question: how can we find the area of the region S that lies under the curve y = f(x) from
a to b for a generic function f ?

As mathematicians, we start solving a problem by trying special easy cases:

• If f(x) = 1, then the area under the curve is just the area of a rectangle. The area of
a rectangle is computed by base × height. In this case, the base is the length of the
interval b− a and the height is the distance between the function and the x-axis, i.e.,
the function value. Hence, the area is (b− a) · 1.

• If

f(x) =

{
1, if a ≤ x ≤ a+b

2
1
2
, if a+b

2
< x ≤ b

, (2)

then the area under f contains two rectangles of different heights. Then to compute
the total area, we only need to compute the areas separately then add up the areas!

For general f(x), if it is hard to figure out the area under it, we can always ”approximate”
the area under it by the areas of a bunch of small rectangles.

Example Let f(x) = x3, find the area of the region under the graph from a = 0 to b = 1.

1. First cut the interval [0, 1] on the x-axis into n = 2 pieces; use the function value at
the right end point for height of that rectangle; then try using the function value at
the left end point for height of that rectangle.

2. Now cut the interval [0, 1] on the x-axis into n = 3 pieces; use the function value at
the right end point for height of that rectangle; then try using the function value at
the left end point for height of that rectangle.

3. What if you cut the interval [0, 1] on the x-axis into n =(a big number) pieces; use the
function value at the right end point for height of that rectangle; then try using the
function value at the left end point for height of that rectangle

fill in detailed computations

Observations:

1. The bigger n is, the more accurate the approximation is;

2. Using the right end point for height always give an over estimate; using the left end
point for height always give an under estimate: this is because the function f(x) = x3

is an increasing function.

Question: what about for decreasing functions: do you always get over/under estimates
if you choose the left or right end point for height? How about a general function, can you
conclude if you get over or under estimates?
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Definition The area A of the region S that lies under the graph of the continuous function
f is the limit of the sum of the area of apporox. rectangles:

A = lim
n→∞

Rn = lim
n→∞

n∑
i=1

f(xi)∆x (3)

where ∆x = (b − a)/n is the width for each approx. rectangles and xi = a + i∆x are the
heights computed at the right end point of each interval (call sample point). Here x0 = a
and xn = b are the endpoints of the total interval.

Remarks:

• This definition of exact area as the limit of approximate rectangles is the same idea we
had for defining tangent lines: we treat the tangent line as the limit of secant lines.

• The notation
∑n

i=1 means: adding from the 1-st rectangle up to the n-th rectangle.
Here i is the general index we use to denote the counting of the rectangles. Notice:
the sigma notation reflects nothing about a or b.

• Heights can be computed by f(x∗i ) where x∗i is any point in the subinterval [xi−1, xi].
We chose the right end point xi, that is why we denote the approximate area by Rn.

• The division of the interval doesn’t need to be equal. It makes sense to use only one
large rectangle to approximate slow varying function, and cut the intervals more fine
when the function oscillates a lot. In that case, we will have different ∆xi for each
subinterval.

Example Write down the expression for the exact area under f(x) =
√
x from x = 5 to

x = 7.

Solution: By definition, you need to find the three items and plug in:

1. f(x)

2. ∆x = (b− a)/n (so also need to find a and b).

3. xi = a + i∆x

Exercise These problems are from section 5.1

1. Problem 12

2. Problem 15

3. Problem 19

4. Problem 21

tex up!


