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This file will contain questions I got from you, and questions that I think are confusing. It
will be updated throughout the quarter. Please let me know if you find any typos/mistakes.

last updated August 6, 2015

Logic problems

1. 1.2:6. Some mathematicians write P |Q to mean ”P and Q are not both true.” (This
connective is called nand and is used in the study of circuits in computer science.)

(a) Make a truth table for P |Q
(b) Find a formula using only ∨, ∧ and ¬ that is equivalent to P |Q.

(c) Find formulas using only the connective | that are equivalent to ¬P , P ∨ Q and
P ∧Q.

Once you have your truth table, observe that the P |Q has the opposite truth values of
P ∧Q. Hence for (b), we see ¬(P ∧Q) is equivalent to P |Q. The easiest one in part
(c) is ¬P , as | is a connective for two statements, but ¬ is for one statement only.
Realizing this fact, there is no much else to do other than trying P |P . Compare the
truth table, and you will see P |P is equivalent to ¬P . Another way to think about the
problem is to use part (b), since we know ¬(P ∧ Q) is equivalent to P |Q, and P is
equivalent to P ∧ P , replacing Q by P also implies P |P is equivalent to ¬P . To find
the formula for P ∧Q, use part (b) again. ¬(P ∧Q) is equivalent to P |Q, which means
P ∧ Q is equivalent to ¬(P |Q). To get rid of the ¬, just apply P |P is equivalent to
¬P , where we replace P by P |Q. Finally for P ∨Q, use DeMorgan’s law on P ∧Q.

2. 1.3:6. Simplify the following statements. Which variables are free and which are
bound? If the statement has no free variable, say whether it is true or false.

(a) w ∈ {x ∈ R|13− 2x > c}.
(b) 4 ∈ {x ∈ R|13− 2x ∈ {y|y is a prime number}}.
(c) 4 ∈ {x ∈ {y|y is a prime number}|13− 2x > 1}.

These problems ask us to write the equivalent statements for ”something is an element
of a set”. (a) means: w is a real number and 13 − 3w > c. The truth value of
this statement depends on both the value of w and c, therefore both w and c are free
variable. But notice after we rewrite the statement, x doesn’t show up anymore and
its value has no impact on the truth value of the statement. Therefore x is a dummy
variable. Similarly, (b) says 4 is a real number, and 13− 2× 4 = 5 is a prime number.
This statement has no free variable, and is true. (c) says 4 is a prime number and
13− 2× 4 = 5 > 1. This statement has no free variable. The statement is false, as 4
is not a prime number.

3. 1.5:5(a). Show that P ↔ Q is equivalent to (P ∧Q) ∨ (¬P ∧ ¬Q)

↔ is a strange connective, in the sense that you should almost treat P ↔ Q as an
abbreviation of (P → Q) ∧ (Q → P ) rather than a connective. Once you have the
conditional formula, you can use the conditional laws and rewrite P → Q for example
as ¬P ∨Q. Finally make sure to use DeMorgan’s law.
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4. 1.5:9. Find a formula involving only ¬ and → that is equivalent to P ↔ Q.

This problem is very similar to the previous one. Rewrite P ↔ Q as (P → Q)∧ (Q→
P ), then use conditional laws and DeMorgan’s laws.

5. Example 2.1.3:2. Analyze the logical form of the statement ”Nobody likes a sore loser”.

Let S(x) mean x is a sore loser; L(y, x) mean y likes x. Then the statement is
¬(∃y∃x(S(x) ∧ L(y, x))), which is different from the answer given in the book. At
this point, you have learned equivalence involving quantifiers, and you can get the fol-
lowing logical form ∀y∀x(¬S(x) ∨ ¬L(y, x)). The order of same kind of quantifier
doesn’t matter, so you can rewrite the logical form as ∀x∀y(¬S(x) ∨ ¬L(y, x)). Since
S(x) has nothing to do with y, we can move the quantifier involving y to the right
and get ∀x(¬S(x)∨∀y¬L(y, x)). Finally, use the quantifier negation law on y and the
conditional law to get the form in the book.
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These are the theorems and proofs we did in class/I wanted to do in class.
Read these proofs, think about what are the strategies used in these proofs.
Figure out first the big structures, then the details in these proofs.

6. Prove that the product of two consecutive integers plus the larger of the two integers
is a perfect square.

Proof. Let n be an arbitrary integer, and consider the pair of consecutive integers n
and n+ 1. Then the product of the two consecutive integers plus the larger of them is

n(n + 1) + (n + 1) = (n + 1)2.

Since n was arbitrary, the statement holds for all integers.

Remark: you can try some integers to convince yourself before you start the proof.
Note: trials are not proofs!!

7. Prove the Arithmetic-Geometric Mean Inequality: x and y are non-negative real num-

bers. Then
x + y

2
≥ √xy.

Proof. Take any real numbers x and y, then (x − y)2 ≥ 0. This simplifies to x2 −
2xy + y2 ≥ 0. Add 2xy on both sides to get x2 + 2xy + y2 ≥ 4xy. Since x and y are
non-negative, we can take the square root on both sides, and the inequality doesn’t
change direction, and this gives x + y ≥ 2

√
xy. Dividing both sides by 2 gives the

desired inequality.

Remark: sometimes it is unclear how to start a proof, try to work first backwards. For
example in this proof, we start our scratch work with x+y

2
≥ √xy, and work backwards

to get (x − y)2 ≥ 0. Be careful with each step and justify you can go backwards.
Otherwise, you are only proving the converse!

8. Prove that there are infinitely many prime numbers. (Recall: an integer n > 1 is prime
if its only positive divisors are 1 and n.)

Proof. (Prove by contradiction) Suppose not, then there are only finitely many prime
numbers, denote by p1, . . . , pn. Let p = p1p2 . . . pn + 1. p is not divisible by any
p1, dots, pn. That is, p is not divisible by any prime numbers. Claim: Every integer
n > 1 is divisible by some prime numbers. Assume claim, but p is not divisible by any
prime numbers. This is a contradiction.

Remark: the statement to prove is a negation (not finitely many prime numbers), it
is natural to use prove by contradiction. When you write down proofs, it is OK to
leave gaps, just make sure to fill the gaps later! In this case, we will prove the claim in
Chapter 6, using prove by induction.

9. Prove
√

2 is irrational. (Recall: a rational number is a real number which can be
written as m

n
, where m and n are integers. A real number that is not rational, is

irrational.)
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Proof. (Prove by contradiction) Suppose not, then
√

2 is rational, and we can write√
2 = m

n
, where m and n are integers. Without loss of generality, we assume m,n to

be relatively prime (which means the only positive common factor for m and n is 1. If
not, just divide out all common factors.). Then 2 = m2

n2 and 2n2 = m2. 2 divides the
left hand side, therefore the right hand side as well, and then 2 must divide m2.

Claim: if 2 divides m2, then 2 divides m.

Assume Claim for now, then m = 2k, k ∈ Z. Then 2n2 = 4k2, and n2 = 2k2.
Similar as before, 2 must divide n. Then m, n have common factor 2, contradicting
the assumption that they are relatively prime.

Proof of claim: prove the contrapositive, or prove by contradiction. Fill in the details.

Remarks: 1. Contradictions can be from one of the premises (example: m,n relatively
prime) or a mathematical fact (example: proof of claim by contradiction). 2. Not all
¬P statements need to be proved by contradiction, we can rewrite the conclusion into a
positive statement and directly prove the positive statement. See example 3.2.1. 3. Be
careful how to negate: for example, P ∧Q negates into ¬P ∨¬Q. Please read Exercise
11 of section 3.2 for an example of such mistakes. 4. The last remark involves the
famous Fermat’s last theorem, and it proves 2

1
n is irrational for n ≥ 3:

10. 2
1
k is irrational for k ≥ 3.

Proof. If 2
1
k = m

n
, then mk = nk + nk, contradicting Fermat’s last theorem (Go check

out what it says!).

11. Prove by contradiction (Ex 3.2.1) Suppose A ∩ C ⊆ B and a ∈ C. Then a /∈ A \B

Proof. Suppose not, then a ∈ A \B. By definition of set difference, a ∈ A and a /∈ B.
We know a ∈ C, therefore a ∈ A ∩ C. But A ∩ C ⊆ B, for all x ∈ A ∩ C, it must
be that x ∈ B. In particular, it holds for a, and a ∈ B. But this contradicts with
a /∈ B.


